We study a distinction problem of two heat baths with given information from ancilla (quantum or classical two level system) which is interacting with the heat baths. Analysing dynamics of ancilla system in a Markov approximation region, we show that the process in which "quantum ancilla" acquires the quantum distinguishability is described as a bifurcation process from the time evolution of classical distinguishability.
Introduction
During the last twenty years, quantum system has been found being an important resource for several informational tasks such as cryptography, communication, and computation 1) . They are expected to provide us functions we cannot reach with classical resources, and are keeping a position of the most attractive research targets. They have been actively studied in a crossing field of several existing subjects of quantum mechanics, cryptography, informatics, and computation theory. With a background of highly developed nanotechnologies, some of ideas of that are being implemented in the real world. We can safely say that we are in an exciting moment of the history of information science.
On the other hand, it is also fact that a distance of theories and realities are somehow increasing. Sometimes we discuss just theoretical ideas without paying any attention to realities. Of course, when we are interested in estimation of bounds of some informational abilities of given quantum resources for example, assumptions of arguments don't have to be based on realities at all. However, in order to make some idea going into any application, we surely have to pay (a bit of) attentions to things which happens in the real world. In particular, consideration of "time scales" or "dynamics" is a necessary path to make our idea feasible. For instance, it would be meaningless to consider any applications of quantum states which take as long time as life time of universe to be pre- † Research Center for Information Security, National
Institute of Advanced Industrial Science and Technology (AIST) † † Institute of Industrial Science, the University of Tokyo pared. Moreover, physical observable (or state) is not unique target on which we can speak of "dynamics". In fact, as to be seen here, it is also possible to discuss dynamics of "informatic ability" defined through some "informatic tasks" associated with physical (evoluting) states. That can be nontrivial even in cases where the state evolution is rather well understood.
With the above general circumstances, our interest in the present article is such dynamical aspect of informational abilities, and we would discuss a time evolution of "distinguishability" of two physical objects with information through some physical ancilla. More precisely, our goal is to see how quantum systems as ancilla dynamically obtain its advantage with respect to classical systems. As an specific but interesting example, we analyse the dynamics of distinguishability for two macroscopic heat baths with simple but fundamental ancilla, i.e. quantum two level system (qubit system) or with classical two level system (cbit system), and see how the deviation of quantum information from classical information would "dynamically" come up in their thermalization processes.
Set up

Game
Let us make our problem clear by introducing the following two-party game. Notice that our purpose here is not to propose game being fair against malicious players, but just to explain situation we focus on. Therefore we are assuming that Alice and Bob always follow the rule of the game.
( 1 ) Alice (with heat bath) and Bob (with ancilla) agree to use two (inverse) temperature (β 0 , β 1 ) as parameters of the game.
( 2 ) Choosing one of the two temperature β j with probability π j (j = 0 or 1), Alice prepares heat bath whose state is equilibrium of the chosen temperature. ( 3 ) Getting information from the ancilla prepared by Bob, which would physically interact with the heat bath prepared by Alice, Bob guesses the temperature chosen by Alice. ( 4 ) If his guess is correct, Bob wins. Otherwise Alice wins. Through this game, the distinguishability can be defined as the probability of Bob's winning when Bob takes his best strategies.
Physical Description
First of all, let us consider a description of the problem where Bob has one qubit as his ancilla. Since we have to discuss dynamics, we start from the following Hamiltonian which gives us physical description of the model (which is so called spin-boson model 2) ) with small coupling constant λ:
where H A is a Hamiltonian of heat bath system:
H B is a Hamiltonian of ancilla system:
H I is an interaction Hamiltonian between heat bath and ancilla:
where σ ± are defined σ ± = σ x ±iσ y where σ x,y,z is the usual Pauli Matrix, a k and a † k is annihilation and creation operator of k-mode bose particle (they hold the following commutation re-
The preparation of heat bath by Alice in equilibrium state of temperature β j corresponds to her preparation of Gaussian mean zero quantum state · characterised the following correlation matrices 4) :
Let us suppose that Bob prepares his ancilla's state in ρ 0 at t = 0, and he makes his system interact with the heat bath prepared by Alice. In this case, the time-evolved state of the ancilla ρ t can be formally described as
where μ β j is a formal representation of state of heat bath which is characterised by the above correlation matrix, and tr A denotes a partial trace over the degree of freedom of the heat bath.
Considering a time rescaling with van Hove limit 3),4) γt → t/λ 2 and λ → 0 we obtain a master equation:
where
Let us remind us that the equation describes the dynamics in a course-grained time scale in which the influence from bosonic environment seems to be white noise 4),5) . The dominant effect of environment to the dynamics is well figured out in this time scale as the exponential decaying process 6) . In other words, we are neglecting phenomena described in a much shorter time scale than the exponential decay process of the system. That can be considered as analogue to the fact that we introduce a larger time scale than mean free time of particle in medium when we describe the dynamics with Langevin equation. Now let us consider classical counterpart of the above situation. In the game introduced in the above, Bob would be supposed to use a classical two level system as his ancilla. That means, we have to employ a balance equation instead of the quantum master Eq. (8) . From physical point of view, feasible balance equation should be equation associating the eigenstates of H S , and its stationary solution must be physically correct equilibrium state
where 
for diagonally prepared ρ 0 . Needless to say, ρ
is always diagonal state by definition as it should be.
Distinguishability
First, let us consider an optimal success probability of the distinction between ρ (β 0 ) t (with probability π 0 ) and ρ (β 1 ) t (with probability π 1 ). As usual distinction problem for quantum states 7) , let us introduce a POVM to distinguish ρ
. Considering positive operator E j (E 0 + E 1 = I) associated a measured value j, when Bob gets j as a consequence of a measurement described by E 0 and E 1 , we suppose that Bob will conclude that the measured state was ρ (β j ) t . In this case, the probability that Bob will correctly judge his state according to his measurement is given as
and the optimal success probability Bob can achieve by proper choice of his POVM can be obtained as
positive eigen value of Λ (15) where
(Pay attention that the optimal success probability doesn't depend on the picture of the time evolution of the state). Remember that Bob can choose his initial state of ancilla. Finally we can define the distinguishability of the two heat bath prepared by Alice as
Notice that we can easily introduce classical counterpart of (17) in an exactly same way as the above.
where Ω D is a set of all diagonal states. Pay attention that E 0 and E 1 giving p(ρ
) always represents a diagonal projection measurement since the states are diagonal. That is coincide with the fact that Bob's ancilla is classical object.
Analysis
Here let us analyse the behaviour of P qubit (t) and P bit (t) defined in the previous section.
Solution of Master Equation (8)
For a given initial condition
one can easily find the solution of (8) as
and a (j)
Note that classical solutionρ
can be easily obtained as particular case of the above (a x = a y = 0).
Estimation of P qubit (t) and P bit (t)
Now let us estimate Eq. (15), substituting Eq. (20) into it. For simplicity, we restrict ourselves to the case where π 0 = π 1 = 1/2. In this cases, we obtain
(29) with
and
Notice that f t (a z ) is always positive. Summing up the above argument, we can estimate P qubit (t) and P bit (t) as the followings: (37) and P bit (t) = 1 2 + 1 4 max
Bifurcation of P qubit (t)from P bit (t)
Since the a z -dependence of them (or f t (a z )) hardly depend on Eqs. (34) and (35), we have to see them rather carefully. We can safely assume β 0 > β 1 without loosing any generality. In this case, one can check the followings:
In particular, there exists t * such that
(33), (37), (38) and the above, one can easily get the following results:
In order to achieve the distinguishability in Eq. (39) for t > t * , Bob has to prepare the initial state of qubit in a pure state whose a z is given as a z = B β 0 β 1 (t).
One can find that the advantage of quantum distinguisher (who can handle a qubit as ancilla) with respect to classical distinguisher (who can handle a classical two level system as ancilla) doesn't exist before the critical time t * and that it does appear in a bifurcational way 8) at t = t * . In other words, quantum distinguisher takes a finite time t * to get quantum advantage.
Summary and Remarks
Let us summarise what we can see in the analysis.
( 1 ) P bit (0) = P qubit (0) = 1/2, which simply means that what Bob can do at t = 0 is pure guess without additional hint. Since the interaction starts at t = 0, ancilla can give Bob only few information and doesn't help Bob's guess so much.
That means that the quantum distinguisher would lose his advantage in the asymptotic region of large time t. This can be naturally expected as a consequence of de-coherence (i.e., thermalization) of qubit ancilla through the interaction with heat bath. In a usual use of thermometer, we measure temperature of physical object after the thermometer achieves equilibrium state with the object. In this sense, the way of measurement of temperature by thermometer corresponds to our asymptotic result.
Conversely, the distinction of temperatures by using "quantumness" (in finite time region) as discussed here is somehow beyond the philosophy (or physics) of usual thermometer. It might be interesting to generalise this idea and to consider something which can be called "quantum thermometer". ( 3 ) The initial state which gives optimal distinguishability is always pure state. For the classical ancilla, the initial state is always given as
whereas that for quantum ancilla depends on time interaction time t as
Advantage of qubit ancilla with respect to classical two level ancilla appears at t = t * in a bifurcational way. That means that it takes a finite time t * for quantum ancilla to get advantages from "quantumness". Let us note that our argument is based on the master Eq. (8) which is derived under the Markov approximation, neglecting shorter time scale than the exponential decay process. That means the bifurcation process belongs to the large time scale which can be observed as easily as exponential decay, unlike quantum zenon effect which belongs to short time scale. It might be possible and interesting to construct a new cryptographic primitive based on the finite time gap found here. ( 5 ) Seeing the two contributions F
2 in Eq. (29), one can find the bifurcation (or the appropriate choice of a z = −1) is a consequence of the tradeoff between the positive contribution from the former and the negative contribution from the latter. In addition, one can find that the positive contribution comes up rather slowly than the negative contribution, and that can be considered as the essential mechanism of the bifurcation phenomena discussed in the present Fig. 1 Schematic graphs of P qubit (t) and P bit (t).
paper. The deviation of decaying speed of off-diagonal elements from that of diagonal one plays an important role in the phenomena. In general, there exists a constraint between the speeds of decaying modes of qubit system when the dynamics is described in a complete positive map which is a fundamental requirement to hold probability interpretation of quantum mechanics 9) . From this point of view, the bifurcation phenomena we pointed out here seem deeply related to the fundamental requirement, although we have to pay a bit attention to appropriate choice of the classical counterpart for general case. (In the model we discussed here, we can choose the diagonal part associated to the energy eigenvalue of the system Hamiltonian as the classical counterpart. Pay attention that it is based on the classical physics of thermalization rather than mathematics). Finally, it would be worthy to mention an interpretation of our argument based on quantum entanglementness. It is often said that entanglement is the origin of advantage of quantum resources 1) . On the other hand, our quantum advantage seems not to be based on any entanglement since we employ just one qubit as ancilla. However, one can see that our argument can be also understood in the context of entanglement actually as the following: Let us consider a general state of qubit ρ = 1 2 (I + a · σ) .
Introducing vacuum |0 and one particle state |1 with respect to creation and annihilation operators of two spin- 
